Abstract: Mathematical models of Zika virus dynamics are relatively new, and they mostly focus on either vector and horizontal, or vector and vertical transmission only. In this work, we rst revisit a recent model that considers vector and vertical transmission, and we provide an alternative proof on the global stability of the disease-free equilibrium point. Then, a new and general model is presented which includes vector, horizontal and vertical transmission. For this new model, existence of both a disease-free and an endemic equilibrium is studied. Using matrix and graph-theoretic methods, appropriate Lyapunov functions are constructed and results on the global stability properties of both equilibria are established.
Introduction
Zika virus is mainly transmitted to humans through bites of infected female mosquitoes from the Aedes genus. Infected humans can pass this disease to other humans via horizontal (sexual activity) or vertical (motherchild) transmission. In addition, infected humans can also pass the disease to susceptible mosquitoes, when bitten. In general, the stage of the infection determines the type and the intensity of the transmission: during the incubation period, infected humans can infect both susceptible mosquitoes and humans; after this exposed period, symptomatic humans are more contagious to mosquitoes, and at the convalescence stage, they can no longer infect mosquitoes, but they can still spread the infection to humans through sexual activity. Some studies suggest a correlation between Zika virus infection and congenital anomalies such as microcephaly and Guillain-Barre syndrome. Data available for these studies mostly come from the outbreaks in Micronesia (2007), Polynesia (2013) , and Brazil (2015) . We refer the reader to [1, 4, 8, 10, 13, 14, 20] and the references therein for a detailed biological and epidemiological description of the Zika virus.
Various types of disease epidemics have been extensively studied mathematically (e.g. [6, 11, 12, 16, 18, 19] ). Mathematical modeling of these diseases has helped understand the dynamics of the disease, the conditions under which an outbreak can occur, and how the disease would spread. However, mathematical models on the dynamics of Zika virus are relatively new, and most of them study vector (mosquito-human and humanmosquito) and horizontal transmission only [2, 10, 14, 17] . Evidence of Zika virus vertical (congenital and perinatal) transmission has been reported by the Center for Disease Control (CDC). Further possible evidence of vertical transmission has only recently been reported (e.g. [3, 5, 13, 20] ). A recent work [1] , considered a mathematical model for vector and vertical Zika transmission, but did not include horizontal transmission; the authors also studied the development of microcephaly in newborns, and identi ed the most important parameters that in uence the spread of the disease.
In this work, we extend and generalize previous research on mathematical models for Zika virus dynamics by proposing a model that includes vector, horizontal and vertical transmission simultaneously. While for most models on Zika virus (e.g. [1, 10, 17] ), an endemic equilibrium does not exist, the dynamical system in this new model has both a disease-free and an endemic equilibrium, and we provide rigorous proofs on the global stability properties of both equilibrium points.
We start by revisiting the model presented in [1] , and provide an alternative proof on the global stability of the disease-free equilibrium, under fewer restrictions. We then propose a new and more general model that includes vector, horizontal and vertical transmission. Using matrix and graph-theoretic methods from [19] , we provide results on the global stability properties of both equilibria. To the best of our knowledge, this is the rst model of Zika virus dynamics that includes the three types of transmission.
Vector and Vertical Transmission . The Original Model
We start by studying the model presented by Agusto et al. [1] , which includes vector and vertical transmission only. Human population is divided into newborns, denoted with a B subscript, and everyone else (referred to as adults), denoted with a W subscript. An individual with microcephaly is denoted with an M subscript. Table 1 describes in detail the variables and parameters under study. The model proposed in [1] is given by:
, and ( ′ ) denotes derivative with respect to t. We always assume t ≥ .
The total populations are given by:
and N H = N B + N W . All variables are non-negative, and all parameters are strictly positive (except for ρ B , ρ W , which are taken to be non-negative). 
where
and
with µ H = min {µ B , µ W }. Γ is compact and invariant with respect to (2.1). 
No endemic equilibrium point exists for this system.
. Global Asymptotic Stability Analysis of the DFE
To analyze the global asymptotic stability of the DFE, we consider system (2.1) in compartmental form [19, 21] , by splitting the variables into two compartments: a disease compartment x ∈ R and a nondisease compartment y ∈ R :
T , and
The entries in vectors F(x, y) and V(x, y) ∈ R below, represent rate of new infections and transition terms respectively in the i-th disease compartment:
Note that the assumptions in [19] :
.., hold. We also de ne:
where y = (
, ,
). This gives
The next generation matrix (NGM) [19, 21] is:
,
.
The basic reproduction number R , de ned as the expected number of secondary cases produced by an infected individual in a completely susceptible population [7, 21] , is the spectral radius ρ of the NGM:
where A, C, E, and I are de ned as above. R in (2.5) is actually an eigenvalue of the matrix FV − , computed directly using the characteristic equation of (2.4).
Remark 2. The basic reproduction number in (2.5) can be written as
, and
See [1] for biological interpretations of R V , R B and R W .
In the theorem below, we make the assumption S V ≤ S V , which is biologically reasonable.
Theorem 1. If R ≤ , then the disease-free equilibrium point E (2.2) is globally asymptotically stable (GAS) in Γ .
Proof. Following the matrix-theoretic method in [19] , we set
Note that we are not able to use Theorem 2.1 in [19] directly, as the condition f (x, y) ≥ fails (only on the fourth entry). However, a Lyapunov function in the form proposed by the authors can still be constructed. Indeed, de ne the function
where ω is a left eigenvector of the matrix V − F corresponding to the eigenvalue R . We are not able to use Theorem 2.2 in [19] either, as the matrix V − F is not irreducible. However, one can compute a nonnegative left eigenvector ω of V − F, corresponding to R . In fact, the eigenvector has the form
where a, b, c, d, and e are positive values. One can readily verify that V − is nonnegative, and hence Q(x) ≥ .
Also observe that Q(x) = at the DFE. We then have
Even though the condition f (x, y) ≥ is not satis ed, one can verify that the product
Lyapunov function in Γ .
To prove global stability, rst consider R < , and let S = {z ∈ R + : Q ′ = }. When Q ′ = , we must have that
Thus, (R − )ω T x = , and hence w T x = . This implies that A B = I B = A W = I W = I V = , and we get
On this set S, we are left with the following system:
Note that ω T x = does not imply x = (which would lead to the disease-free system as in the proof of Theorem 2.2 in [19] ), because w is not strictly positive. However, one can show that system (2.7) has the unique equilibrium point -see notation in (2.2):
and that this point is GAS for this system. On this set S, we also have
Thus, when R < , the largest and only invariant set where Q ′ = is the DFE. Thus, when R = , the largest and only invariant set where Q ′ = is also the DFE. Using LaSalle's invariance principle, one concludes that the DFE is GAS in Γ , when R ≤ .
Remark 3.
A di erent proof of Theorem 1 is presented in [1] , considering a di erent feasible set Γ .
Vector, Vertical and Horizontal Transmission . A General Model
The model proposed by Agusto et al. [1] and studied in Section 2 of this paper, considers vector (vector-human and human-vector) and vertical (mother-child) Zika virus transmission only. On the other hand, most other models (e. g. [2, 10, 17] ) consider only vector and horizontal (human sexual) transmission. In this section, we propose a model that includes vector, vertical and horizontal transmission of Zika virus simultaneously, thus bringing together two di erent approaches to mathematical models of Zika virus dynamics. We show that the system in this general model has both a disease-free and an endemic equilibrium point, we study conditions under which such endemic equilibrium exists, and we provide results on global stability for both equilibria. We consider the following model:
The total human population N H = N B + N W is constant, the parameters c and d represent fractions of newborns who are infectious or have microcephaly respectively, and the maturation rate α of individuals with microcephaly is considered to be very small. Following the notation and terminology in [2, 10, 16] , µ H is the human birth and death rate, or baseline mortality of humans; the parameter χ represents the horizontal (i.e. sexual) transmission rate; κ, ψ and θ represent transmission probabilities; Ψ V is the natural birth rate, and K V is the carrying capacity of mosquitoes. All other parameters are as in Table 1 . See [1, 10] for appropriate values of these parameters.
In this model, we assume babies in the womb or newly born can get the disease ( rst in the exposed stage) from exposed, asymptomatic and symptomatic mothers, but recovered mothers do not transmit the disease, and we assume that exposed babies progress to either asymptomatic, symptomatic or microcephalic stages. An SEI-type model is still assumed for mosquitoes, but a more general recruitment rate is used, based on a model originally proposed in [16] , and considered in [2] .
One can show that the feasible region for (3.1) is Γ = Γ H × Γ V ⊂ R + × R + , where
The set Γ is compact. To show that for initial nonnegative data, all variables stay nonnegative, write system (3.1) as z ( N B , , , , , , N W , , , , , , K V , , ) .
(3.
2)
The system also has an endemic equilibrium point, which will be discussed in Section 3.3.
. Global Asymptotic Stability Analysis of the DFE
Using again the matrix-theoretic approach in [19] , we split the variables into a disease compartment x and a nondisease compartment y:
Note that while the splitting of variables in Section 2.2 was made to match the work in [1] , here we take a di erent approach: humans with microcephaly are considered to be in the nondisease compartment y, as they can no longer transmit the virus, and asymptomatic humans are considered in the disease compartment only if they are adults, as they can still contribute to the disease through vertical or horizontal transmission [1, 4, 5, 9, 13] .
Following the notation from Section 2.2, we then let 
Unlike the original model (2.1), for this general model, the matrix V − F is irreducible. Indeed,
where each A ij entry denotes a positive value. This property of irreducibility guarantees that R is a positive eigenvalue of V − F (and of FV − ), and that there exists a positive left eigenvector w of V − F corresponding to
≤ when x i = , and i= V i (x, y) ≥ for i = , ..., in [19] are also satis ed.
Theorem 2. If R ≤ , then the disease-free equilibrium point E (3.2) is globally asymptotically stable (GAS) in Γ .
Proof. As in the proof of Theorem 1, this time we have
and therefore the condition f (x, y) ≥ holds true (this was not the case for model (2.1) ). One can readily verify that the conditions F ≥ and V − ≥ are also satis ed for this new model. Then, by a direct application of Theorem 2.1 in [19] , we get that Q = ω T V − x is a Lyapunov function.
To prove global stability, rst consider R < . One can verify that the 8-dimensional disease-free system has the unique equilibrium point y = (N B , , , , N W , , , K V ), which is GAS, and that f (x, y ) = in Γ . Then, by a direct application of Theorem 2.2 in [19] , one concludes that if R < , the DFE (3.2) is GAS in Γ . 
which has a unique equilibrium point: (E V , I V ) -with notation as given in (3.2) -that is GAS for this system. In addition, we already have
Thus, when R = , the largest and only invariant set where Q ′ = is also the DFE. Using LaSalle's invariance principle, one concludes that the DFE is also GAS in Γ , when R = .
Existence of an Endemic Equilibrium. With the terminology and results established in Sections 3.1 and 3.2 above, part (2) of Theorem 2.2 in [19] guarantees the existence of an endemic equilibrium of system (3.1), when R > . We will denote this endemic equilibrium point as
In Theorem 2, we proved that if R ≤ , then the disease-free equilibrium point (DFE) is globally asymptotically stable in the given feasible region. When this condition is lost; that is, when we instead have R > , the DFE loses stability, and as noted above, an endemic equilibrium (EE) exists. In Theorem 3 below, we show that the condition R > also implies that the EE is globally asymptotically stable.
. Global Asymptotic Stability Analysis of the EE
To establish global stability properties of the EE (3.5), we will use a graph-theoretic method as presented in [19] . First, we brie y present some terminology and results about directed graphs and a technique for the construction of a Lyapunov function. For details, the reader is referred to [15, 19] .
A pair (i, j) is called an arc from vertex i to vertex j. Given a weighted digraph Γ(A) with p vertices, the p × p weight matrix A is de ned with a ij > equal to the weight of arc (j, i) if it exists, and a ij = otherwise. The Laplacian L of Γ(A) is de ned as The following theorem provides a graph-theoretic technique to construct a Lyapunov function Q. 
where S(C) denotes the set of all arcs in C.
Then, there exist constants c i ≥ , i = , . . . , p (as de ned above), such that the function
that is, Q(z) is a Lyapunov function for (3.8).
With these tools at hand, we give a result on global stability of the endemic equilibrium of system (3.1) in the interior of the feasible region Γ .
Theorem 4.
If R > , then, the EE of system (3.1) is unique and globally asymptotically stable (GAS ) in int ( Γ ).
Proof. De ne the functions:
Using the inequality − x + ln x ≤ , for x > , di erentiation yields: 
With the constants a ij above and A = [a ij ], we construct the (strongly connected) directed graph Γ(A) in Figure  2 . Along each of the cycles on the graph, one can verify that G ij = ; for instance, 
Therefore, with the functions Q i and constants c i given above,
is a Lyapunov function for (3.1). We also have:
Now we consider the set S = {x ∈ R + : One can show that system (3.9) has a unique equilibrium point -see notation in (3. , and that this point is GAS for this system. Therefore, the largest and only invariant set in S is the endemic equilibrium, E * . Using LaSalle's Invariance Principle, we conclude that the endemic equilibrium E * is GAS in int(Γ ), and thus unique.
Conclusions and Final Remarks
In this article, two distinct approaches to modeling the dynamics of Zika virus have been combined into a general model. While previous work on the rst approach is focused on vector and horizontal transmission [2, 10, 14, 17] , a recent work [1] included vector and vertical (but not horizontal) transmission of Zika virus. In this work, the model proposed in [1] was revisited, and a global stability result of the corresponding DFE was established, under fewer restrictions. The main contribution of this work is to propose a general model of Zika virus dynamics that simultaneously includes vector, horizontal and vertical transmission, and to establish global stability results on both the DFE and the EE of this new system. These results on global stability have been established using matrix-theoretic and graph-theoretic techniques introduced in [15, 19] , which allow the construction of appropriate Lyapunov functions. It is important to note that even though the main two theorems in [19] cannot be directly applied for the model proposed in [1] , global stability of the DFE can still be obtained using the same matrix-theoretic technique.
While it is crucial to have more data to get a better biological understanding of Zika virus and to construct more accurate mathematical models, there are some possible avenues of improvement in the modeling of this mosquito-borne disease. A more accurate modeling of vertical transmission is needed, including the one through breast milk [3, 5] , and how the stage of the infection of the mother determines the possible stages of infection of the newborn. A better understanding and more accurate mathematical modeling of the dynamics of humans with microcephaly due to Zika infection is also needed. Some other generalizations of these models would be worth investigating, including the study of human connectivity between communities, as in [6, 12, 18] , and a consideration of the so-called "critical community size", below which the disease would probably die out [14] . Some speci c heterogeneities in humans such as gender, would be worth studying. While the introduction of these new features into the current models could potentially cause losing some mathematical analytical tractability, it should bring richer dynamics, including the possible existence of some bifurcation phenomena, and a better understanding of the disease.
